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The theory of Ratio Gravity (RG) proposes that the curvature of 3+1 spacetime originates from
a deformation of a Cross Ratio, where similar mathematical structure to general relativity emerges.
This paper studies RG using the framework of the Newman-Penrose spin formalism. After proposing
the general formalism, we move on to study a homogeneous and isotropic universe with RG. It is
noted that the theory contains a component of dynamical dark energy with novel equation of state.
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I. INTRODUCTION
Dark energy (DE) is one of the major mystery in cos-
mology [1, 2]. A great number of dark energy models are
built since its discovery [3].
Cross ratio is also known as the anharmonic ratio. It
has been used in theoretical physics such as in confor-
mal field theory [4] and scattering amplitudes [5]. In the
present work, we study a theory of gravity known as Ra-
tio Gravity (RG) [6] as the first principle of gravity, and
explore its explanation of DE. A short introduction of
the previous work is given in section 2.
We reformulate the RG theory by using the Newman
Penrose (NP) formalism of general relativity [7]. The cor-
respondence between the NP formalism and RG theory
is described in section 3, which demonstrates the con-
nection between general relativity and RG. This shows
evidence that the Cross Ratio may be the underlying
mathematical structure of spacetime and gravity.
In section 4, we make use of the study of cosmologi-
cal structure by NP formalism, then solve the equations
of RG theory for a simple model. The Friedmann equa-
tion and the equation of state of DE, w(z), in RG are
obtained.
The results show that DE is dynamical with the equa-
tion of state approximately -1 in the present era, which
is consistent to the widely accepted ΛCDM model. Fur-
thermore, w(z) approaches zero as z approaches high z
regime. This is an interesting feature, since recent obser-
vations show some evidences that dark energy may have
similar dynamics [8]. An observational best-fit polyno-
mial plot for w(z), with interesting w(z) = −1 crossing1,
is compared to the plot of w(z) of RG, with good agree-
ment. The expansion history of the simple model shows
good match to observation.
Furthermore, the proportional constant of Ωb and ΩM
is originated from the context of RG in this simple model.
Finally, we discuss the potential extensions of the theory.
∗ chjliu@ust.hk
1 The crossing of w(z) to the line of w = −1 has been studied in
the literature of dynamical dark energy. See [9], and [10–13] for
reviews.
II. OVERVIEW OF THE PREVIOUS WORK
Here we outline the foundation of the previous work
about Ratio Gravity [6], which is needed for the formu-
lation of this paper. Throughout this paper, we will use
the definitions and conventions of the spinor formalism
of general relativity developed by Penrose and Newman
([14], [7]). An intensive introduction for the spinor for-
malism is covered in chapter 13 of [15].
Cross Ratio (Ratio), defined as
(z1, z2; z3, z4) =
(z3 − z1)(z4 − z2)
(z3 − z2)(z4 − z1) , (1)
is postulated to play a fundamental role for nature of
gravity. In the context of gravity, the principle can be
stated as: Gravity is described by the general deforma-
tion of the same cross-ratio. Such Cross Ratio consists
of many equivalent representations - the general defor-
mation. In RG theory, the Cross Ratio is not used as
a technical tool as in the previous application of Cross
Ratio in theoretical physics [4, 5]. Instead, it is used to
describe the mathematical structure of gravity.
The arbitrariness of the same cross ratio (L.H.S. of
equation 1) leads to 4 degrees of freedom because of only
4 free parameters for 3 moving poles from R.H.S. of equa-
tion (1) over Riemann sphere at an arbitrary reference
point z1. One of the representation (or called realization)
for cross ratio described in [16] is hypergeometric dif-
ferential equation E(a, b, c), which has solution of usual
hypergeometric series F (a, b, c; z). The theory proposed
to represent the Ratio by an integratable system with 3
regular singular points, because the hypergeometric dif-
ferential equation with 3 regular singular points is the
corresponding representation of the cross ratio [16]. The
following is a simple illustration for the correspondence
of Ratio and differential equation
(z1, z2; z3, z4) =
(z3 − z1)(z4 − z2)
(z3 − z2)(z4 − z1)
l
Hypergeometric differential equation (3 regular singular poles).
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2The main idea of Ratio Gravity is that the transforma-
tion of the Ratio manifests the variety of representations
such that each representation is correspondent to related
physical event/observation.
In 1960, Penrose [14] proposed spinor General Relativ-
ity formalism, which later was developed to well known
NP formalism [7]. It describes 3+1 spacetime structure
by spinor formalism. The key equations to describe cur-
vature of spacetime are following two curvature spinor
equations2:
(∂AF ′∂
F ′
B + ∂BF ′∂
F ′
A )ξQ = χABQCξ
C (2)
and
(∂EC′∂
E
D′ + ∂ED′∂
E
C′)ξQ = ΦQAC′D′ξ
A, (3)
where ∂AF ′ is spinor covariant derivative, and χABQC
and ΦQAC′D′ are called curvature spinors. The curvature
spinors require the following spinorial Bianchi identities
to describe the dynamics of the spacetime structure:
∂DG′χABCD = ∂
H′
C ΦABG′H′ . (4)
It is clear that we should find the connection between
the Cross Ratio and the equations of spacetime structure
described by equations (2, 3, and 4).
For the realization of gravity in RG theory, Ratio Grav-
ity postulates that gravitational curvature spinors (which
are described by the Newman and Penrose spinor formal-
ism of general relativity [7]) are originated by two sets
of underlying differential equation from Ratio defined as
(5): J ,M operators, called as curvature operators. They
generate 2 sets of 2-by-2 traceless matrices (Jac, Ma′c′,
or simply J ,M) as curvature matrices by operating on
a 2-by-2 invertible matrix Y (fundamental solution ma-
trix ) [6]:
Jac(Y ) = JacY,Ma′c′(Y ) = Ma′c′Y, (5)
where
Jac(Y ) := 
b′d′(Bab′Dcd′ −Bcd′Dab′)Y, (6)
Mb′d′(Y ) := ac(Bab′Dcd′ −Bcd′Dab′)Y (7)
(a, c and a′, c′ are spinor(dyad) indexes from 0 to 1 and
from 0′ to 1′ respectively; b′d′ is the usual skew spinor
metric for spinor formalism that is used to raise or lower
the spinor indexes3). Bab′ are four 2-by-2 matrices in-
dexed by ab′; Dcd′ are four 2-by-2 matrix-differential op-
erators indexed by cd′, which obeys Leibniz’s rule for
derivation:
Dab′(XY ) = (Dab′X)Y +X(Dab′Y ), (8)
2 Following the convention used in [14], [7], capital letter indexes
are used for spinor, while small letter indexes are used for dyad.
3 In this paper, we use the convention ab defined as
(
0 −1
1 0
)
where X, Y are differentiable 2-by-2 matrices. The ma-
trix differential equation corresponding to Ratio is de-
fined as:
Dab′Y = Bab′Y. (9)
This is called Y equation. We will see in the next section
that Bab′ matrices have direct physical meaning related
to the curvature structure of spacetime, and Dab′ opera-
tors are related to the metric. Therefore, the Y equation
describes how metric and curvature are related.
Equation (5) is defined because of two reasons: first, it
has the similar algebraic form as curvature spinor equa-
tions (2) and (3) (after few spinor algebraic manipula-
tions and the use of symmetry of the curvature spinors4);
secondly, it is related to the integratability condition of
underlying differential equation (Ratio representation in
this case):
djBi − diBj = BjBi −BiBj (10)
(where di is derivative operator of the differential equa-
tion), that is closely connected to the property of regular
singular points of Ratio [17].
The spinor formalism defines spinor over complex num-
ber, while the equations of RG theory are written by
spinor-indexed 2-by-2 matrices or 2-by-2 matrix opera-
tors, so the basic object is in 2-by-2 matrix structure
over complex number.
For the second part of spinor General Relativity -
spinorial Bianchi identities (4), RG leverages the Galois
differential theory as the tool for deforming the Ratio
such that the dynamics of the curvature operators J,M
(as Gal operators are defined below) is manifested simi-
larly as spinorial Bianchi identities. In particular, Ratio
needs an extension of the theory of Galois differential the-
ory to deform the Ratio (parameterized Picard-Vessiot
theory, PPV theory for short) [17].
There are few key points for PPV theory:
• PPV deformation can be used for linear differential
matrix equation that the deformation freedom ex-
tends to parameter spaces of the differential equa-
tion. We can simply think of the solution space of
the differential equation forms a vector space, and
the deformation is equivalent to the transformation
of the solution vector and the system over the pa-
rameters space.
• Gal operator (usually labelled as σ) is defined that
it commutes with differential operators (D) when
operating on Y: D ·σ(Y ) = σ ·D(Y ). This property
is called Gal-D-commuting property in this paper.
• The Galois differential group is important that it
contains the characteristics of the underlying dif-
ferential equation. In fact, Galois differential the-
ory was developed in order to solve the differential
4 χABCD = χCDAB , ΦABG′H′ = Φ
∗
G′H′AB
3equation by transforming to less complicated sys-
tem.
As an example, one may write differential equation,
e.g. y′′ − y = 0, in matrix form (i.e. Y is the fundamen-
tal solution matrix) and the Galois group is SL2. By
defining a Gal operator that satisfies σ(Y ) = Y C, where
C is SL2 constant matrix for D operator (i.e. D(C) = 0),
then, D · σ(Y ) = σ ·D(Y ) implies
DZ = BZ, σ(Z) = ZC, (11)
where Z := σ(Y ) (In fact, C is diagonal and in SL2). So
the new differential equation and solution are obtained.
Realizing the form of spinor Bianchi identities (4) and
the definition of J,M curvature operators (5, 6, 7), it is
clear and natural to define the Bianchi equation for the
version of Ratio Gravity as [6]:
Dbd′Jab(Y ) = D
c′
aMc′d′(Y ). (12)
In fact, it is important to point out that the construction
of (12) can be justified by contracting the commutation
equation of Gal operators (J , M) and differential opera-
tors (Dc′a ,D
b
d′) up to spinor indexes b and c
′ accordingly.
Furthermore, matrices J , M are identified as the algebras
of Galois differential group of Ratio (Hypergeometric dif-
ferential equation representation) SL2 [18].
As a summary, RG theory leverages the curvature op-
erators and the associated Bianchi equation to establish
the connection to the spacetime structure.
III. USE OF NEWMAN PENROSE SPINOR
FORMALISM
In this section, the well-known Newman Penrose for-
malism [7] is used. We explain how RG theory establishes
the connection to NP formalism such that the mathemat-
ical structure like Bianchi identities emerges from RG
theory.
In NP formalism, there are two parts of equations: NP
equations and the Bianchi identities. The NP equations
provides geometric properties (through spin coefficients
Γabcd′5) from curvature spinors, which is postulated to
be originated by curvature matrices in dyad:
− Jab = Γac′ d′Γ¯d′bc′ + Γbc′ d′Γ¯d′ac′+
d′c′(Γad′Γbc′ − Γbc′Γad′+
∂bc′Γad′ − ∂ad′Γbc′ + wh(Γhabc′Γwd′ − Γhbad′Γwc′)), (13)
5 Spin coefficients Γabcd′ defined in NP formalism as:
Γabcd′=
cd′/ab 00 |01 or 10| 11
00′ κ  pi
10′ ρ α λ
01′ σ β µ
11′ τ γ ν
−Mc′d′ = Γbd′ aΓac′b + Γbc′ aΓad′b+
ab(Γad′Γbc′ − Γbc′Γad′+
∂bc′Γad′ − ∂ad′Γbc′ + w′h′(Γaw′Γ¯h′d′c′b − Γbw′Γ¯h′c′d′a)), (14)
Xab = −Jab, (15)
Φc′d′
∗ = −Mc′d′, (16)
where 6  is the spinor metric in its matrix form and
(Φ∗c′d′,Xac)
7 are matrix forms of curvature dyad in the
NP formalism. They are the counter part of the com-
ponents of Riemann tensor in the metric formulation of
GR, to represent the commutation relations of covari-
ant derivatives. The equations (13) and (14) defines NP
equation in RG.
The NP equation in RG and the original NP equations
are different in the way that it is written. Since original
NP equations does not use matrix representation, so Γbd′
is written as Γacbd′.
For Bianchi identities in the NP formalism, it describes
how changes of curvature dyad and spin coefficients are
connected. The Bianchi identities are indirectly origi-
nated by the spinor Bianchi equation [6] with dyad as
following:
Dbd′Jab(Y ) = D
c′
aMc′d′(Y ), (17)
while the Ratio (Y ) equation for dyad D differential op-
erator is defined as
Dbd′Y = ∂
b
d′Y +
[
Λbd′, Y
]
= Bbd′Y, (18)
where Λbd′ are four traceless 2-by-2 matrices and ∂
b
d′ are
defined as identity 2-by-2 matrix multiplying the dyad
differential operators8 in the NP formalism (note that the
original dyad differential operators are spinor operators,
not matrix operators). The dyad differential operators
contain the geometric structure variables (e.g. scaling
factor in cosmology) of the spacetime metric. J and M
operators are the Gal operator discussed in section 2, so
it is clear that they play fundamental role in describing
the curvature. The dyad derivatives of curvature matri-
ces are described by Ratio context (Bab′,Λab′, Y ). After
computing the Bianchi identities explicitly from original
spinor formalism to dyad formalism (the same procedure
used by the NP formalism [7], section II-Tetrad Calcu-
lus), we can connect the spin coefficients Γhbfd′ and Ratio
(context) to construct Bianchi Constraints:
c′b′g′h′
(Mc′g′Γ¯h′d′b′a +Mg′d′Γ¯h′c′b′a)−
bf gh (JagΓhbfd′ + JgbΓhafd′)
= −[Λbd′,Jab]− JabBbd′+
[Λc′a ,Mc′d′] +Mc′d′Bc′a , (19)
6 Γabcd′ : Γcd′ as matrix with components indexes a,b; aΓcd′b:
a,b components of matrix Γcd′
7 By traceless property of Jac, Xac is symmetric matrix corre-
sponding to curvature dyads Xabcd in the NP formalism (same
as Φ∗c′d′)
8 ∂bd′ := σ
µ
bd′∂µ, where ∂µ is covariant derivative, and σ
µ
bd′ is Her-
mitian matrix connecting metric tensor to metric dyad [7].
4i.e. the geometrical construction in dyad as Bianchi iden-
tities is established as Bianchi constraints.
Physically, Ratio describes how the geometry of space-
time by mean of spin coefficients is manifested. It is even
clearer if we notice Bianchi constraints are in fact alge-
braic. The diagram [Fig. 1] shows that RG equations
connecting the related curvature dyads to spinor coeffi-
cients to Bianchi identities. The Bianchi constraints are
constructed to map the Bianchi identities to RG dyads.
So it forms a set of consistent equations, and, in principle,
is solvable.
FIG. 1. The correspondence of the NP formalism and the
Ratio context.
In short, Ratio provides dyads dynamics to establish
a 3+1 spacetime. It also provides the related differential
operators for the RG to realize as curvature dyads, which
are solved with Bianchi constraints.
In the last part of this section, we illustrate the cor-
respondence of RG theory and general relativity in brief
glance. We start with equations of the NP formalism and
show them lead to RG equations.
First, we assume Jab and Mc′d′ operators generate Jab
and Mc′d′ curvature matrices without requiring they are
Gal operators for a moment, so we “relax” the constraint
of being Gal operators. The NP equations of RG the-
ory (13,14) are exactly the same to NP equations of the
NP formalism with direct substitution of curvature dyads
to curvature matrices. Therefore, we only need to show
how Bianchi identities of the NP formalism lead to RG
Bianchi equation (17). The Bianchi identity of the NP
formalism consists of the term, ∂bd′Jab − ∂c′aMc′d′, which
is the the left hand side of Bianchi constraints (19) of
RG equations. By introducing an invertible 2 by 2 ma-
trix Y , and simply using Y equation (9) as a constraint
equation, RG Bianchi equation (17) is recovered. The
use of both constraints (Bianchi constraints and Y equa-
tion as constraint equation) is satisfied by the number of
unknowns of RG context - all the components of Y , Bab′,
and traceless matrices Λab′, total 4 × (1 + 4 + 3) = 32
unknowns.
In this brief discussion, it is required that we relax
the constraints for Jab and Mc′d′ operators as defined in
section 2, to illustrate the correspondence. However, as
stated in previous work [6], the Gal operators are natu-
rally related to RG Bianchi equation. So simply relaxing
the constraints for Jab and Mc′d′ operators defined in sec-
tion 2 is not correct approach in the context of RG theory.
Instead, other forms of Gal operators as the extension of
the theory are perfectly valid under the framework of the
RG theory.
IV. THE SOLUTION FOR THE COSMOLOGY
IN HOMOGENEOUS METRIC
To illustrate the framework described by RG in the NP
formalism and its predictions, we apply it to construct
cosmology with a simple solution. A widely used metric
form for FRW cosmology is ds2 = a(η)2(dη2 − dr2 −
S(r)2(dθ2 + sin2 θdφ2)). The dyad differential operators
associated are
∂00′ =
∂r + ∂η
a(η)2
, ∂11′ =
1
2
(−∂r + ∂η) ,
∂01′ =
∂θ +
i∂φ
sin(θ)√
2a(η)S(r) , ∂10′ =
∂θ − i∂φsin(θ)√
2a(η)S(r) . (20)
The condition of the spin coefficients is constructed by
the cosmological principles for homogeneous spacetime,
we have spin coefficients conditions [19]:
κ = ρ = σ = + ∗ = τ + β + α∗ = 0. (21)
And the dependency of Y is limited to only η, r; we
parameterize, as PPV-theory-sense, only to D00′, D11′.
A solution is found by a simple model after solving the
overdetermined system:
1. Y equation (9),
2. RG Bianchi equation (17),
3. Gal-D-commuting property:
[Dab′, Jˆcd]Y = 0,[Dab′, ˆMc′d′]Y = 0,
4. Bianchi constraints (19),
5. NP equation in RG (13,14),
which we need the spin coefficients condition (β = τ =
pi = ν = λ = 0), and condition of two constants -
(µ = µ0/2, and C00′ =scalar part of B00′), as well as
the condition of Y matrix components: Y00, Y11  Y10.
The first three equations (#1 to #3) are explained in pre-
vious work [6]. The 4th and 5th equations are developed
in this paper because of the use of the NP formalism in
dyad. These additional two equations are needed when
realization of the NP formalism in dyad, while, in the
previous work, only spinor formalism is used. As a re-
sult, the connection to metric thru the null tetrad by the
NP formalism in dyad is clear.
The calculation is greatly simplified after realizing the
zeros of spin coefficients in Bianchi constraints and ho-
mogeneous of Φ - curvature dyad - terms such that the
Ratio context is restricted to be of a simpler form. This
is a simple solution so other cosmological solutions are
certainly possible.
As a result, the differential equations we need to de-
scribe the spin coefficients and curvature dyad are:
(γ + γ∗)− ′/2 + γ′/a2 = 0, (22)
Φ22 + 2µ0(µ0 + 2Re(γ)) = 0, (23)
5∗ = C00/2− Φ22′/(2a2Φ22), (24)
where prime stands for η derivative, and Φ22 := Φ111′1′ .
We further assume µ0, Φ22 are real
9 and use Einstein
field equation in dyad form of the NP formalism [7], and
then an ordinary differential equation as RG-Friedmann
equation is obtained by such simple model.
a¨
a
= −µ0H
a
− H
2
0ΩM
2a3
− 1
3
µ20RM + 2H2, (25)
where H is Hubble parameter, ΩM := RmΩB , C0 :=
Re(C00), and Rm is defined as following:
C0 = Rmµ0, (26)
Rm is the proportionality-constant for ordinary matter
density parameter (Ωb) and apparent mass density pa-
rameter (ΩM ). (It is applicable to the matter dominated
era with mass density ∼ a−3, although one can derive
the equation for radiation dominated era in exactly the
same way.)
It consists of matter and dark energy (DE) terms as
we desire. Although it is not complicated, it is still not
apparent to us how equations (25) can be solved analyti-
cally except for few simple scenarios. Therefore we solve
it numerically in this paper10
The DE part of Friedmann equation provides total
3 terms, a constant term, a dynamical term related to
H/a, as well as a positive dynamical term related to H2.
Clearly the positive term is responsible for acceleration
of expansion.
The Einstein equation in spinor formalism [7] is used
to relate the curvature and energy momentum density
spinor. Yet, the current theory of RG plays no role to
explain this connection.
To find the equation of state of DE, w(z), we use the
usual definition as:
DE := ΩDEH
2
0 exp
[
3
∫ 1
0
1 + w(x)
1 + x
dx
]
. (27)
The equation of state for the DE is found:
w(z) = (6H2(z) + µ0(z + 1)2H′(z)
− µ20RM − 2(z + 1)H(z)(µ0 + 2H′(z)))/
(µ20RM + 3H(z) (µ0 − 2H(z) + µ0z)). (28)
In order to probe the constants of the cosmological
model, we preliminarily use the DE-Matter equality: at
t ≈ 0.7, z ≈ 0.3 (H0 is set to 1 in this paper). It is
found that one can set the RG-Friedmann equation to
9 Im(C00) is assumed to be very large compared to Φ22′/(2a2Φ22)
and Re(C00) to justify this approximation, while this condition
mainly affects the differential equation for Im(γ) only.
10 The initial conditions are a(t0) = 1 and H(t0) = 1, and we set
t0 = 1.
be an effective equation (applicable in DE, and matter
dominated eras) for µ0 ≈ 0 limit. The effective equation
is:
a¨
a
= 2H2 − H
2
0ΩM
2a3
. (29)
With single parameter probe- ΩM ≈ 1.12, the predic-
tions are:
w(z) is near -1 in low z regime; w(z) provides a crossing
to line w=-1; w(z) approaches 0 for high z regime
[FIG. 2]. This is convincing comparing to the
observational-best-fits from SNIa (see [3] for a review).
Therefore, RG seems to be a good candidate for dynam-
ical DE because of the fit from first principle considera-
tions of the RG.
FIG. 2. Solid curved line: the equation of state of effective
DE model (ΩM = 1.12). Dotted line: the equation of state
of DE for the parameter-set (ΩM = 0.156, µ0 = −1.38). The
background plot is the fitting plot for polynomial form of DE
based on data of SNIa([3]), the crossing point is obvious in low
z regime. (w = −1 line is added as reference of cosmological
constant)
Furthermore, the slope of expansion history in matter
era is shown to be consistent with ΛCDM model [FIG. 3].
It is not surprising, as w(z) approaches zero as z goes
large that implies DE effect fades away as going back in
time. In addition, the plot of ratio of matter term vs DE
term [FIG. 4] is shown below for effective model (µ0 ≈
0) to illustrate the consistency of accelerating expansion
regime and the shift from matter dominated era to DE
era.
Finally, beside the effective model of RG, there is a
parameter-set (ΩM = 0.156, µ0 = −1.38) that the equa-
tion of state turns around z ≈ 0.2[FIG. 2]. In this case,
w(z) is very close to -1 in low z regime while crossing
from w < −1 to w > −1 then approaches zero in high
z. However, for such parameters, RG predicts a much
longer age of universe ≈ 2.38. Therefore, the validity is
not obvious.
6FIG. 3. Log-Log plot of scale factor vs time (t0 = 1) for
effective DE model
FIG. 4. Log10 plot of ratio of matter term to DE term
for effective DE model, it shows the shift of dominated term
(t0 = 1, age of universe is ≈ 1.15H0, H0 = 1)
V. COMMENTS AND POTENTIAL
DEVELOPMENT
By the simple physical concept of deformation on a Ra-
tio, RG hypothesizes a simple entity to be fundamental
mathematical structure of gravity.
The effective model with a simple form provides
observation-consistent predictions yet only one param-
eter is needed. It can be considered relatively sim-
pler, compared to ΛCDM for matter and DE eras, since
ΛCDM relies on two parameters for these two eras to
be explained simultaneously. Therefore, the authors sug-
gest RG proposes a non-phenomenological approach to
explain the DE dynamics by the first principal of Ratio
Gravity. It is apparently justified because the parame-
ters are linked directly to the Ratio context instead of
arbitrary settings.
Since the main objective of this paper is to develop the
RG framework for gravity, and establish its connection to
the late-time universe, the current proposed parameters
are some values chosen by hand inspired by observations.
In the future, we hope to perform a more sophisticated
scan of the parameter space of the theory with the most
up-to-date data.
To extend the model, one can consider more spin co-
efficients being non-zero, to describe a more complicated
metric. Then, the related Bianchi constraints should
have more equations to be solved. The curvature ma-
trices of J , M have numbers of functions (e.g. the diago-
nal elements of J , M matrices) to be reserved to extend
to richer curvature structure. We hope to explore these
possibilities in the future.
It is also possible to further extend the model from
the Ratio context (rather than geometry). For exam-
ple, the C0 constant can be relaxed first, then more dy-
namic components in spin coefficients or curvature ma-
trices should enter the dynamics. We can also allow more
degrees of freedom for matrix Y , such that more non-zero
components of matrices are in place with the system to
be solved.
The DE term drives the acceleration of the expansion
so it is natural to ask: whether and how can the inflation
era be explained from the same framework of RG? More
detailed studies are needed in order to study the early
universe.
Finally, to explain the CMB fluctuations, we should in-
vestigate the primordial inhomogeneity as perturbations
from RG prospective. We also leave the study of these
fluctuations to future work.
ACKNOWLEDGMENTS
JCHL would like to thank Michael Altman for intro-
ducing him to YW. We thank Henry Tye for discus-
sions. This work is supported in part by ECS Grant
26300316 and GRF Grant 16301917 from the Research
Grants Council of Hong Kong.
[1] A. G. Riess et al. (Supernova Search Team), Astron. J.
116, 1009 (1998), arXiv:astro-ph/9805201 [astro-ph].
[2] S. Perlmutter et al. (Supernova Cosmology Project),
Astrophys. J. 517, 565 (1999), arXiv:astro-ph/9812133
[astro-ph].
[3] M. Li, X.-D. Li, S. Wang, and Y. Wang, Commun.
Theor. Phys. 56, 525 (2011), arXiv:1103.5870 [astro-
ph.CO].
[4] P. Francesco, P. D. Francesco, P. Mathieu, and
D. Snchal, Conformal Field Theory (Springer-Verlag New
York, Inc., 1996).
[5] C. Cardona, B. Feng, H. Gomez, and R. Huang, (2016),
arXiv:1606.00670v2 [hep-th].
[6] J. C. Liu, ScienceOpen Research (2016),
7DOI:10.14293/S2199-1006.1.SOR-PHYS.A4HPPH.v1.
[7] Newman and R. Penrose, J.Math.Phys 3, 566 (1962).
[8] G.-B. Zhao et al., Nat. Astron. 1, 627 (2017),
arXiv:1701.08165 [astro-ph.CO].
[9] B. Feng, X.-L. Wang, and X.-M. Zhang, Phys. Lett.
B607, 35 (2005), arXiv:astro-ph/0404224 [astro-ph].
[10] E. J. Copeland, M. Sami, and S. Tsujikawa, Int. J. Mod.
Phys. D15, 1753 (2006), arXiv:hep-th/0603057 [hep-th].
[11] Y.-F. Cai, E. N. Saridakis, M. R. Setare, and J.-Q. Xia,
Phys. Rept. 493, 1 (2010), arXiv:0909.2776 [hep-th].
[12] K. Bamba, S. Capozziello, S. Nojiri, and S. D. Odintsov,
Astrophysics and Space Science 342, 155 (2012).
[13] S. Wang, Y. Wang, and M. Li, Phys. Rept. 696, 1 (2017),
arXiv:1612.00345 [astro-ph.CO].
[14] R. Penrose, Annals of Physics 10, 171 (1960).
[15] R. M. Wald, General Relativity (The University of
Chicago Press, 1984).
[16] M. Yoshida, Hypergeometric Functions, My Love
(Springer Fachmedien Wiesbader, Germany, 1997).
[17] Cassidy and Singer, arxiv.org (2005),
arXiv:math/0502396[math.CA].
[18] F. Beukers and G. Heckman, Invent. math 95, 325
(1989).
[19] H. Stephani, D. Kramer, M. MacCallum, C. Hoense-
laers, and E. Herlt, Exact Solutions of Einstein’s Field
Equations (Cambridge University Press, 2002) iSBN
0521461367.
